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Abstract

The weighted rational approximation of functions with inner singularities of algebraic type

in ½�1; 1� is investigated. New direct and converse results not achievable by polynomials, are

proved.
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1. Introduction

Recently in [7] the author studied the weighted uniform approximation of
functions with algebraic singularities at the endpoints in ½�1; 1� by rational
interpolatory operators and direct and converse results not achievable by
polynomials, were proved.
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The behaviour of the weighted approximation of functions with inner singularities
by such rational operators was an open problem. Indeed, inner singularities add new
difficulties and the behaviour of the approximation requires a more careful
examination than in the case of endpoints singularities (cf. [12]). Recently in
[4,12,13] the authors obtained error estimates for the best weighted polynomial
approximation of functions with inner singularities of algebraic type in terms of a

suitable weighted modulus of smoothness ojðf ; tÞ�w; with jðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
:

The purpose of this paper is to construct rational operators for the weighted
approximation of functions with inner singularities in ½�1; 1�: Such operators are
positive, interpolatory and easy to construct. First we show that for such operators
the weighted convergence with exponential type weights is not guaranteed in general
(see Proposition 1). Therefore here we consider weights vanishing algebraically at
any inner point and functions belonging to the class Cw defined in (2). For such
functions we give convergence theorems and uniform approximation error estimates
(see Theorem 2). We also establish the first pointwise approximation error estimate
and the first converse results for functions from Cw (see Theorems 2 and 4). Our
results involve a new weighted modulus of smoothness ojðf Þw (see (7)) and an

equivalent weighted K-functional Kjðf Þw (see Lemma 8) with jðxÞ vanishing

algebraically at any inner point. This modulus is new, in a certain sense, because
classical weighted moduli of smoothness involve functions having zeros at the
endpoints of the approximation interval (cf. [11–13]). This peculiarity agrees with the
different behaviour of polynomial and rational approximation. Useful tools for our
results are some new weighted Markov–Bernstein type inequalities for our operator
(see Lemmas 6 and 7) and the equivalence relation between our weighted modulus of
smoothness and the corresponding weighted K-functional (see Lemma 8). Finally we
prove that our estimates cannot be reached by polynomials (see Remarks to
Theorem 2).

2. Main results

Letting

wðxÞ ¼ jx � cja; a40; jcjo1; jxjp1; ð1Þ

we introduce the following class of functions

Cw ¼ fACð½�1; 1� � fcgÞ; s:t: lim
x-c7

ðwf ÞðxÞ ¼ 0

� �
: ð2Þ

Without loss of generality, we may assume c ¼ 0 in (1), i.e., we consider functions
having an inner singularity of algebraic type at 0: The case of several inner
singularities can be similarly treated. For fACw put jjwf jj :¼ sup

jxjp1

jðwf ÞðxÞj and

jjwf jj½a;b� :¼ sup
xA½a;b�

jðwf ÞðxÞj:
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For odd n; construct the following mesh of nodes

xk;n � xk ¼
� 1� 2

k

n

� �b

; k ¼ 0; y;
n � 1

2
;

2
k

n
� 1

� �b

; k ¼ n þ 1

2
; y; n;

8>>><
>>>:

ð3Þ

with bX1 (cf. [8]). Note that this mesh is finer near71=nb; (b41). Then consider the
Shepard-type operator

Snðf ; xÞ ¼
Xn

k¼0

f ðxkÞ
jx � xkj�sPn
i¼0jx � xij�s; ð4Þ

with jxjp1; fACw and s42: From the definition it follows that the operator Sn is
positive, preserves constants, and interpolates to f at xk; (k ¼ 0; y; n), in the sense
that limx-xk

Snðf ; xÞ ¼ f ðxkÞ (cf. [1]). In the last decades the operator Sn and its

multivariate extensions have been the subject of several papers, because of their
interesting properties in classical approximation theory and other fields, as
multivariate interpolation on scattered data, CAGD, fluid-dynamics (see, for
example, [1–3,6,8–10,14–16]). Algorithms for parallel, multistage and recursive
computation of Sn can be found in [1].

Here we first show that we have to consider weights of type (1) for the weighted
approximation of fACw by Sn; since for exponential type weights the convergence is
not guaranteed in general. Indeed we have

Proposition 1. Let WðxÞ ¼ expð�1=jxjÞ and f ðxÞ ¼ expð1=
ffiffiffiffiffiffi
jxj

p
Þ: Then

lim supnjjWSnðf Þjj ¼ þN:

In the present paper we want to show that the operator defined by (3) and (4) is a
good tool for the weighted uniform approximation of functions from Cw: In order to
define the new modulus of smoothness we follow [4,12,13]. We consider the
following main part of a weighted modulus of smoothness Ojðf Þw defined by

Ojðf ; tÞw ¼ sup
0ohpt

jjwðxÞ f x � h
jðxÞ
2

� �
� f x þ h

jðxÞ
2

� �
jjIh

; ð5Þ

where t is small (say tot0), Ih ¼ �1þ h=2;�hb
� �

, hb; 1� h=2
� �

and jðxÞ ¼
jxjðb�1Þ=b (cf. [12] or [13], where jðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
). If in (5) we put b ¼ 1; i.e. jðxÞ ¼

1; then

O1ðf ; tÞw :¼Oðf ; tÞw

¼ sup
0ohpt

jjJwðxÞjf x � h

2

� �
� f x þ h

2

� �
jjj½�1þh=2;�h�,½h;1�h=2�; ð6Þ

is the main part of a weighted modulus of continuity.
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In the following C will always denote a positive constant which, however, may
assume different values in different occurrences. Moreover we write aBb; if

ja=bj71pC: Then we define the new weighted modulus of smoothness ojðf ; tÞw

as

ojðf ; tÞw ¼ Ojðf ; tÞw þ inf
aAR

jjw½f � a�jjJt
; ð7Þ

with Jt ¼ ½�tb; tb�: For a discussion on definition (7) the reader can refer [4] or [5] or
[12]. It is possible to prove that

lim
t-0þ

ojðf ; tÞw ¼ 0

and

ojðf ; mtÞwpCðmþ 1Þojðf ; tÞw; 8m40; ð8Þ

with C40 depending only on w:
Then we state the following direct and converse results.

Theorem 2. Let fACw and let Sn be the operator defined by (3) and (4). If sXabþ
bþ 1; then

jjw½f � Snðf Þ�jjpCoj f ;
1

n

� �
w

; ð9Þ

where C40 is a constant independent of f and n: Moreover, if abX1; then

oj f ;
1

n

� �
w

þjjwf jj
n

Bjjw½f � Snðf Þ�jj þ
1

n
jjwjS0

nðf Þjj þ
jjwf jj

n
; ð10Þ

jjw½f � Snðf Þ�jj ¼ Oðn�sÞ3ojðf ; tÞw ¼ OðtsÞ; 0oso1; ð11Þ

and

jjwjS0
nðf ÞjjpCn�sþ13ojðf ; tÞw ¼ OðtsÞ; 0osp1: ð12Þ

From (9) we deduce the weighted uniform convergence of Snðf Þ to f ; 8fACw and
8sXabþ bþ 1: Our results are strongly influenced by the mesh distribution (see the
function j on the right-hand side in (9)–(12)).

We remark that estimate (9) cannot be obtained by polynomials. Indeed we have
the following

Proposition 3. For any fACw and every n there not exist an algebraic polynomial of

degree at most n s.t.

wðxÞjf ðxÞ � pnðxÞjpCoj f ;
1

n

� �
w

; 8jxjp1: ð13Þ
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From (10) by (9) we deduce (see (42))

jjwjS0
nðf ÞjjpC noj f ;

1

n

� �
w

þjjwf jj
n

� �
;

which is the analogous of [11, formula (7.3.1), p. 84] for the best approximation
polynomial. From (10), by Lemma 8, it follows that

inf
jjwh0jjjoN

jjw½f � h�jj þ 1

n
jjwjh0jj

� �
þ jjwf jj

n
B

þ jj½f � Snðf Þ�jj
1

n
jjwjS0

nðf Þjj þ
jjwf jj

n
; ð14Þ

in other words the infimum on the right-hand side in (14) is essentially realized by
Snðf Þ: Moreover (9) cannot be improved because of (11). In a sense, equivalence
relation (11) characterizes the class of functions from Cw having a given behaviour
near 0 by the order of weighted approximation by operator Sn: Equivalence (12) is
the analogous of the result in [11, Corollary 7.3, p. 86] for the best approximation
polynomial.

We remark that (11)–(12) are the first converse results for functions from Cw:
We can also get a new pointwise approximation error estimate. Indeed as above

construct the following mesh for odd n

yk ¼

2k

n

� �b

1� 1

n

� �1�b

þ1

n
; k ¼ 0; y;

n � 1

2
;

�yn�k; k ¼ n þ 1

2
; y; n;

8>><
>>: ð15Þ

with b41: Note that this mesh is finer near 71
n
: Then denote by Sn the operator Sn

based on the new mesh (15). Moreover put Ef ðyÞ ¼ sup
0ojxjpy

wðxÞj f ðxÞj;measuring the

decay of jðwf ÞðyÞj to 0; when jyj-0þ (cf. [9]).

Theorem 4. Let s4maxfabþ 1; 1þ b=ðb� 1Þg: Then

wðxÞjf ðxÞ � Snðf ; xÞjpC
Ef ðxÞ þ wðxÞ

wðy0Þ Ef ðmnÞ þ
wðxÞ
wðmnÞEf ð1Þ; if jxjoy0;

O f ; jðxÞ
n

� �
w
þEf ð2y0þxÞ

nsð1�1=bÞ�1; if jxj4y0;

8<
: ð16Þ

where C is a positive constant independent of f and n; Oðf ; tÞw is as in (6), mn ¼
Cn�d; ð0odo1Þ; and jðxÞ ¼ jxjðb�1Þ=b

We observe that (16) is the first pointwise error estimate for functions from Cw:

ARTICLE IN PRESS
B. Della Vecchia / Journal of Approximation Theory 126 (2004) 16–3520



3. Proofs of main results

Proof of Proposition 1. Put x ¼ ðxn þ xn�1Þ=2: Then

WðxÞSnðf ; xÞ ¼ expð�1=xÞ
Pn

k¼0jx � xkj�sexpð1=
ffiffiffiffiffiffiffiffi
jxkj

p
ÞPn

k¼0jx � xkj�s

XC
exp 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
jx½n=2�j

p� �
ðx � x½n=2�Þ�sPn

k¼0 jx � xkj�s

XC
exp Cnb=2
� �

Pn
k¼0

jx � xkj�s
: ð17Þ

SinceXn

k¼0
jx � xkj�spCns;

from (17) it follows that

WðxÞSnðf ; xÞXC
expðCnb=2Þ

ns
;

which is unbounded when n-N:

The proof of Theorem 2 is based on some preliminaries that are interesting in
themselves since they establish the weighted boundedness of the operator Sn (Lemma
5), some new weighted Markov–Bernstein inequalities for Sn (Lemmas 6 and 7) and
the equivalence relation between the weighted modulus of smoothness and the
corresponding weighted K-functional (Lemma 8).

Lemma 5. Let sXabþ 1: Then for every function f defined on ½�1; 1� � f0g we have

jjwSnðf ÞjjpCjjwf jj;

where C is a positive constant independent of f and n:

Note that Lemma 5 does not use the assumption limx-0ðwf ÞðxÞ ¼ 0:

Lemma 6. If sXabþ 1; then

jjwjS0
nðf ÞjjpCnjjwf jj;

where C is independent of f and n:

The proofs of Lemmas 5 and 6 are similar to the proofs of Lemmas 3.1 and 3.2 in
[9] (see also [7]) so we may omit them.
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Lemma 7. If sXabþ 1 and abX1; then

jjwjS0
nðf ÞjjpC jjwjf 0jj þ jjwf jjf g; if jjwjf 0jjoC;

where C is independent of f and n:

Proof. Since

Snðf ; xÞ ¼ f ðxÞ þ
Xn

k¼0

AkðxÞ½f ðxkÞ � f ðxÞ�;

with AkðxÞ ¼
jx � xkj�sPn
i¼0jx � xij�s; it follows that

S0
nðf ; xÞ ¼

Xn

k¼0

A0
kðxÞ½f ðxkÞ � f ðxÞ�:

Let x40 (the case xo0 is similar). If xk40; then

jðwjÞðxÞj
X
xk40

A0
kðxÞ½f ðxÞ � f ðxkÞ�


pjðwjÞðxÞj

X
xk40

A0
kðxÞ

Z x

xk

f 0ðtÞ dt


 ð18Þ

and working as usual (cf. [6,9])

jðwjÞðxÞj
X
xk40

A0
kðxÞ½f ðxkÞ � f ðxÞ�


pCjjwjf 0jj: ð19Þ

Let xko0: Then

X
xko0

A0
kðxÞ½f ðxÞ � f ðxkÞ�


p

X
xko0

A0
kðxÞ½f ðxÞ � f ðx½n=2�þ1Þ�




þ
X
xko0

A0
kðxÞ �f ðx½n=2�Þ þ f ðx½n=2�þ1Þ

� �


þ
X
xko0

A0
kðxÞ f ðx½n=2�Þ � f ðxkÞ

� �


:¼S1 þ S2 þ S3: ð20Þ

Now S1 and S3 can be estimated as in (18). Hence it remains to estimate S2: Now if
0oxpx½n=2�þ1; then we prove that for abX1

wðxÞf ðx½n=2�þ1Þ
 pC

n
jjwf jj þ jjwjf 0jjf g: ð21Þ
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Indeed

wðxÞ f ðx½n=2�þ1Þ
 pwðxÞ f

1

2

� �
�
Z 1=2

x½n=2�þ1

f 0ðyÞ dy




pCjjwf jj 1
nab þ Cjjwjf 0jjwðxÞ C þ 1

n�abþ1

� �

p
C

n
½jjwf jj þ jjwjf 0jj�;

i.e., (21) holds true. Moreover, working as usual (see, e.g., [6,9])

jðxÞ
X
xko0

A0
kðxÞ


pCn: ð22Þ

Hence by (21) and (22) if 0oxpx½n=2�þ1 and abX1

S2pC jjwf jj þ jjwjf 0jjf g: ð23Þ

If x4x½n=2�þ1; then let xj denote the closest knot to x: Then by (21) working as usual

(see, e.g., [6,9])

S2pC
wðxÞ

w x½n=2�þ1

� �w x½n=2�þ1

� �
f x½n=2�þ1

� � jðxÞ X
xko0

A0
kðxÞ




p
C

n
jjwf jj þ jjwf 0jjjf gð2j � nÞabjðxÞ

X
xko0

A0
kðxÞ




pC jjwf jj þ jjwf 0jjjf g ð2j � nÞab

ðj � n=2þ 1Þs�1

pC jjwf jj þ jjwf 0jjjf g; ð24Þ

if sXabþ 1:
Finally by (19), (20), (23) and (24), the assertion follows. &

Now we introduce the weighted K-functional

Kjðf ; tÞw ¼ inf
jjwjg0 jjoN

jjw½f � g�jj þ tjjwjg0jjf g: ð25Þ

We have the following

Lemma 8. Let fACw and let ojðf ; tÞw and Kjðf ; tÞw be as in (7) and (25), respectively.

If abX1; then the following equivalence

ojðf ; tÞw þ jjwf jj
n

pC Kjðf ; tÞw þ jjwf jj
n

� �
p %C ojðf ; tÞw þ jjwf jj

n

� �
; ð26Þ

holds for 0otot0; where t0 and the constants in (26) are independent of f and n:
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Proof. We follow [4,5,11]. Let t40; M ¼ minfkAN : kXt�1g and tk ¼ xk;Mþ1; k ¼
0; y; M þ 1; with xk;Mþ1 defined by (3). With tk ¼ ðtk þ tkþ1Þ=2 we define ckðxÞ ¼
cððx � tkÞ=DtkÞ; where cACNðRÞ is a non-decreasing function such that

cðxÞ ¼
1; if xX1;

0; if xp0:

�

Recalling the definition of the Steklov function [11]

ftðxÞ :¼
Z 1

0

f ðx þ tuÞ du;

where �1oto1; we introduce the following functions

Fh;kðxÞ :¼
2

h

Z h

h=2

ftjðtkÞðxÞ dt

and

GtðxÞ ¼
XM
k¼1

Ft;kðxÞck�1ðxÞð1� ckðxÞÞ;

with c0ðxÞ ¼ 1 and cMðxÞ ¼ 0: Denoting by It the interval ½�1;�tb�,½tb; 1� and
proceeding as in [11, pp. 14–16] (cf. also [5] or [4]), it results

jjw½f � Gt�jjIt
pCOjðf ; tÞw; ð27Þ

and

tjjwjG0
tjjIt

pCOjðf ; tÞw; ð28Þ

with Ojðf Þw given by (5). Now let Jt ¼ ½�tb; tb� and let P0AR such that

jjw½f � P0�jjJt
p2 inf

aAR
jjw½f � a�jjJt

: ð29Þ

We consider the following function

Gt ¼ Gtð1�C2Þ þ P0C2ð1�C4Þ þ GtC4; ð30Þ

where CiðxÞ ¼ cððx � ziÞ=DziÞ; i ¼ 2; 4; z2 ¼ �ð2tÞb; z3 ¼ �tb; z4 ¼ tb; z5 ¼ ð2tÞb
and Dzi ¼ ziþ1 � zi:

Our aim is to prove that

Kjðf ; tÞwpjjw½f � Gt�jj þ tjjG0
tjwjjpCojðf ; tÞw: ð31Þ

Since

Gt ¼

Gt; in ½�1; z2�,½z5; 1�;
P0; in ½z3; z4�;
Gtð1�C2Þ þ P0C2; in Z :¼ ½z2; z3�;
P0ð1�C4Þ þ GtC4; in %Z :¼ ½z4; z5�

8>>><
>>>:

and f ¼ f ð1�CiÞ þ fCi; i ¼ 2; 4; we have

jjw½f � Gt�jjpC jjw½f � Gt�jjIt
þ jjw½f � P0�jjJ2t

n o
: ð32Þ
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Hence by (27), (30) and (32)

jjwðf � GtÞjjpC Ojðf ; tÞw þ inf
aAR

jjw½f � a�jjJ2t

� �
pCojðf ; tÞw: ð33Þ

Now we estimate jjwjG0
tjj: From (30) it follows that

jjwjG0
tjjpjjwjG0

tjjIt
þ jjwjG0

tjjZ, %Z: ð34Þ

Assume xAZ (the case xA %Z is similar). Then

jG0
tðxÞjp jC0

2ðxÞðGt � P0ÞðxÞj þ jC2ðxÞG0
tðxÞj

pCDz�1
2 jðGt � P0ÞðxÞj þ jG0

tðxÞj:

Hence

jjwjG0
tjjZpCDz�1

2 jðxÞjjw½Gt � P0�jjZ þ jjwjG0
tjjZ:

Since Dz2BtjðxÞ; we obtain

tjjwjG0
tjjZpC jjw½Gt � P0�jjZ þ tjjwjG0

tjjZ
� �

pC jjw½Gt � f �jjZ þ jjw½f � P0�jjZ þ tjjwjG0
tjjZ

� �
: ð35Þ

Thus by (34), (35), (27), (28) and (29)

tjjwjG0
tjjpC Ojðf ; tÞw þ inf

aAR
jjw½f � a�jjJ2t

� �
: ð36Þ

Finally (33) and (36) imply (31) and hence the right hand inequality in (26). Now we
prove the converse inequality. Working as in [5, Proof of Proposition 2.1, Step 3] (see
also [4]) we have

Ojðf ; tÞwpCfjjw½f � gt�jj þ tjjwjg0tjjg; ð37Þ

where gtAACðð�1; 1ÞÞ is chosen such that

jjwðf � gtÞjj þ tjjwjg0
tjjp2Kjðf ; tÞw: ð38Þ

Moreover

inf
aAR

jjw½f � a�jjJt
p jjw½f � gt�jjJt

þ inf
aAR

jjw½gt � a�jjJt

p jjw½f � gt�jjJt
þ jjwgtjjJt

: ð39Þ

Now if xAJt; xa0; then working as in (21), abX1;

wðxÞjgtðxÞjpCtfjjwgtjj þ jjwjg0
tjjg: ð40Þ

Hence from (40) and (39)

inf
aAR

jjw½f � a�jjJt
pCfjjw½f � gt�jj þ tjjwjg0

tjjg þ tjjwf jj: ð41Þ

Therefore by (7), (37), (38) and (41)

ojðf ; tÞwpCfKjðf ; tÞw þ tjjwf jjg;

which proves the left-hand inequality in (26). &
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Remark 9. From Lemmas 6, 7 and 8 we obtain that 8fACw and 8hACw s.t.
jjwjh0jjoN

jjwjS0
nðf Þjjp jjwjS0

nðf � hÞjj þ jjwjS0
nðhÞjj

pCnjjw½f � h�jj þ Cjjwjh0jj þ Cjjwhjj

pCnoj f ;
1

n

� �
w

þCjjwf jj: ð42Þ

Proof of Theorem 2. Because of the interpolatory behaviour of Sn we can assume
xaxk; k ¼ 0; y; n: Let x40 (the case xo0 is similar). We distinguish two cases.

Case 1: 0oxox½n=2�þ1:

Then

wðxÞjf ðxÞ � Snðf ; xÞjp
wðxÞ

P
xk40 þ

P
xko0

n o
jx � xkj�sjf ðxÞ � f ðxkÞjPn

i¼0jx � xij�s

:¼A þ B: ð43Þ
Now

ApwðxÞ f ðxÞ � f ðx½n=2�þ1Þ
 

þ
wðxÞ

P
xk4x½n=2�þ1

jx � xkj�sjf ðx½n=2�þ1Þ � f ðxkÞjPn
i¼0jx � xij�s

:¼A1 þ A2: ð44Þ
From (44) it follows that

A1p2 inf
aAR

jjw½f � a�jj �1=nb;1=nb½ �: ð45Þ

On the other hand if x4x½n=2�þ1 by (8)

wðxÞ f x½n=2�þ1

� �
� f ðxkÞ

  ¼ wðxÞ
w x½n=2�þ1 þ xk

� �
=2

� � wððx½n=2�þ1 þ xkÞ=2Þ

f x½n=2�þ1

� �
� f ðxkÞ

 
pCw

x½n=2�þ1 þ xk

2

� �
f x½n=2�þ1

� �
� f ðxkÞ

 

pCOj f ;
x½n=2�þ1 � xk

 
j x½n=2�þ1 þ xk

� �
=2

� �
 !

w

pC 1þ
n xk � x½n=2�þ1

 
j x½n=2�þ1 þ xk

� �
=2

� �
 !

Oj f ;
1

n

� �
w

: ð46Þ
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Since j x½n=2�þ1 þ xk

� �
=2

� �
4Cj x½n=2�þ1

� �
and xk � x½n=2�þ1

 ojx � xkj; by (44) and

(46) we obtain

A2pCOj f ;
1

n

� �
w

P
xk4x½n=2�þ1

jx � xkj�sþ1Pn
i¼0jx � xij�s

n

j x½n=2�þ1

� �: ð47Þ

Since (see, e.g., [8])

jx � xkjXC
jðxÞ

n
jk � jj; kaj; ð48Þ

and

1Pn
i¼0jx � xij�spjx � xjjs; ð49Þ

with xj the closest knot to x; it follows that

A2pCOj f ;
1

n

� �
w

x � x½n=2�þ1

 s Xn

k¼½n=2�þ2

xk � x½n=2�þ1

 �sþ1 n

j x½n=2�þ1

� �

pCOj f ;
1

n

� �
w

js x½n=2�þ1

� �
ns

X½n=2�
k¼1

ns

js x½n=2�þ1

� �
ks�1

pCOj f ;
1

n

� �
w

: ð50Þ

Hence from (44), (45) and (50)

ApCoj f ;
1

n

� �
w

: ð51Þ

Now we estimate B: Indeed

BpwðxÞ f ðxÞ � f x½n=2�
� � 

þ wðxÞ
P

xkox½n=2�
f ðxkÞ � f x½n=2�

� �  x � xkj j�sPn
i¼0jx � xij�s

¼B1 þ B2: ð52Þ

Working as in the estimate of (45)

B1p2 inf
aAR

jjw½f � a�jj½�1=nb;1=nb�: ð53Þ
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On the other hand working as in (46)–(50)

B2pCOj f ;
1

n

� �
w

P
xkox½n=2�

jxk � x½n=2�j�sþ1
n=j x½n=2�

� �
Pn
i¼0

jx � xij�s

pCOj f ;
1

n

� �
w

x � x½n=2�þ1

 sX
xkox½n=2�

n

j x½n=2�
� � x½n=2� � xk

 �sþ1

pCOj f ;
1

n

� �
w

: ð54Þ

Finally from (43), (51)–(54)

wðxÞjf ðxÞ � Snðf ; xÞjpCoj f ;
1

n

� �
w

:

Case 2: x½n=2�þ1ox:

Since (see, e.g., [8])

jx � xjjpC
jðxÞ

n
; ð55Þ

with xj the closest knot to x; then

wðxÞjf ðxÞ � f ðxjÞjpCOj f ;
1

n

� �
w

: ð56Þ

Now we estimate

S :¼wðxÞ
P

kaj jf ðxÞ � f ðxkÞjjx � xkj�sPn
i¼0jx � xij�s

¼wðxÞ
f
P

xk40
kaj

þ
P

xko0gjf ðxÞ � f ðxkÞjjx � xkj�s

Pn
i¼0jx � xij�s

:¼T1 þ T2: ð57Þ

First we estimate T1: Working as above, by xk40;

wðxÞjf ðxÞ � f ðxkÞjpC
wðxÞ

w x þ xkð Þ=2ð ÞO
j f ;

1

n

� �
w

njx � xkj
jððx þ xk=2ÞÞ

þ 1

� �

pCOj f ;
1

n

� �
w

njx � xkj
jðxÞ þ 1

� �
:

Hence by (48), (49) and (55)

T1pCOj f ;
1

n

� �
w

n

jðxÞ
X
xk40

jx � xkj�sþ1jsðxÞ
ns

pCOj f ;
1

n

� �
w

: ð58Þ
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Now we estimate T2: Indeed

T2pwðxÞ

P
xko0fjf ðxÞ � f ðx½n

2
�þ1Þj þ jf ðx½n

2
�þ1Þ � f ðxkÞjgjx � xkj�sPn

i¼0jx � xij�s

:¼T3 þ T4; ð59Þ

with

T4pwðxÞ

P
xko0½jf ðxkÞ � f ðx½n

2
�Þj þ jf ðx½n

2
�þ1Þ � f ðx½n

2
�Þj�jx � xkj�sPn

i¼0jx � xij�s

:¼T5 þ T6:

Working as above

T3pCwðxÞ
X

xko0

Ojðf ; 1=nÞw

w ðx½n=2�þ1 þ xÞ=2
� �

n x � x½n=2�þ1

 
j ðx þ x½n=2�þ1Þ=2
� � jx � xkj�s

Pn
i¼0jx � xij�s

pCOj f ;
1

n

� �
w

n

jðxÞ
X

xko0
jx � xkj�sþ1jx � xj j�s

pCOj f ;
1

n

� �
w

: ð60Þ

On the other hand by (45), (48), (49) and (55)

T6p
wðxÞ

wðx½n=2�Þ

P
xko0wðx½n=2�Þ f ðx½n=2�þ1Þ � f ðx½n=2�Þ

 jx � xkj�sPn
i¼0jx � xij�s

pC
wðxÞ

wðx½n=2�Þ
inf
aAR

jjw½f � a�jj½� 1
nb
;
1
nb
�

X
xko0

jx � xkj�sjsðxÞn�s

pC inf
aAR

jjw½f � a�jj½� 1
nb
;
1
nb
� j � n

2

� �ab
j � n

2
þ 1

� ��sþ1

pC inf
aAR

jjw½f � a�jj½� 1
nb
;
1
nb
�; ð61Þ
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if sXabþ 1: Finally we estimate T5: Working as above

T5pCwðxÞ

P
xko0

w xk þ x½n=2�
� �

=2
� �

w xk þ x½n=2�
� �

=2
� � f ðxkÞ � f x½n=2�

� � 
jx � xkjsPn

i¼0

jx � xij�s

pC
wðxÞ

w x½n=2�
� �Oj f ;

1

n

� �
w

P
xko0

n xk � x½n=2�
 

jx � xkjsj x½n=2�
� �

Pn
i¼0

jx � xij�s

pCOj f ;
1

n

� �
w

j � n

2

� �ab n

j x½n=2�
� �X

xko0
jx � xkj�sþ1jx � xjjs

pCOj f ;
1

n

� �
w

j � n

2

� �ab jðxÞ
j x½n=2�
� � j � n

2
þ 1

� ��sþ2

pCOj f ;
1

n

� �
w

j � n

2

� �abþb�1

j � n

2
þ 1

� ��sþ2

pCOj f ;
1

n

� �
w

; ð62Þ

if sXabþ bþ 1: Finally from (56)–(62), if sXabþ bþ 1;

wðxÞjf ðxÞ � Snðf ; xÞjpCoj f ;
1

n

� �
w

:

So (9) follows. Now we prove (10). By Lemma 8, (42) and (9)

oj f ;
1

n

� �
w

þjjwf jj
n

pCKj f ;
1

n

� �
w

þC
jjwf jj

n

pCjjw½f � Snðf Þ�jj þ
C

n
jjwjS0

nðf Þjj þ C
jjwf jj

n

pCoj f ;
1

n

� �
w

þC
jjwf jj

n
;

i.e., (10) holds true.
Now we prove (11). From (9) it follows that if ojðf ; 1=nÞw ¼ OðtsÞ; then

jjw½f � Snðf Þ�jj ¼ Oðn�sÞ: To prove the converse implication, we observe that by
Lemmas 5–7 if jjwjg0jjoN;

Kj f ;
1

n

� �
w

þjjwf jj
n

p jjw½f � Skðf Þ�jj þ
1

n
jjwjS0

kðf � gÞjj þ 1

n
jjwjS0

kðgÞjj þ
jjwf jj

n

p jjw½f � Skðf Þ�jj þ C
k

n
jjw½f � g�jj þ C

n
jjwjg0jj þ jjw½f � g�jj þ jjwf jjf g

p jjw½f � Skðf Þ�jj þ C
k

n
Kj f ;

1

k

� �
w

þC

n
jjwf jj:
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Hence if jjw½f � Snðf Þ�jj ¼ Oðk�sÞ; then by [11, Lemma 9.3.4, p. 122]

Kj f ;
1

n

� �
w

þjjwf jj
n

p
C

ns:

Consequently by Lemma 8 it follows that ojðf ; 1=nÞw ¼ Oðn�sÞ; i.e., (11) holds true.
Finally working as in [11, Corollary 7.3, p. 86] by Lemma 7 and (9) we deduce (12).

Proof of Proposition 3. Letting f ðxÞ ¼ jxjg�a; with 1=bpgo1; we show that (13) will
give us a contradiction. Indeed from (13) we get

jxjaj½jxjg�a � pnðxÞ�jp
C

n
; 8jxjp1;

with pn an algebraic polynomial (even) of degree at most n: Hence

1

naj½jxj
g�a � pnðxÞ�jp

C

n
;

1

nð1þ 1=n2Þ1=2
pjxjp1: ð63Þ

Now making in (63) the change of variable

y ¼ x2 þ 1=n2

1þ 1=n2

� �1=2

; xA½�1; 1�;

we get, for jxjp1 and 0odo1;

n�aþ1�d x2 þ 1=n2

1þ 1=n2

� �ðg�aÞ=2
�qnðxÞ


pC

nd; 8jxjp1; 0odo1; ð64Þ

with qn a suitable (even degree) algebraic polynomial. Setting

fnðxÞ ¼ n�aþ1�d x2 þ 1=n2

1þ 1=n2

� �ðg�aÞ=2
;

we deduce from (64) that fnðxÞALipd in ½�1=2; 1=2�: Hence in particular

fn

1

n

� �
� fn

2

n

� �
pC

nd;

which implies

1

n
f 0
n

d

n

� �
pC

nd; 1odo2: ð65Þ

But a direct computation shows that

1

n
f 0
n

d

n

� �
B1

n
n�aþ1�d 1

n2

� �g�a
2

�1
1

n
Bn�d�gþ1;

which contradicts (65) for go1: And the assertion follows.

Proof of Theorem 4. Because of the interpolatory behaviour of operator %Sn;
we assume xayk; k ¼ 0; y; n: Let x40 (the case xo0 is similar). We distinguish
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four cases.
Case 1: 0oxoy0:
Then, Letting

S :¼ wðxÞ
P

ka0;njx � ykj�sjf ðykÞ � f ðy0ÞjPn
i¼0jx � yij�s ;

wðxÞjf ðxÞ � Snðf ; xÞjpwðxÞjf ðxÞ � f ðy0Þj þ wðxÞ

Pn
k¼1

jf ðykÞ � f ðy0Þj
jx � ykjsPn

i¼0

jx � yij�s

pwðxÞjf ðxÞj þ wðxÞ
wðy0Þ

jðwf Þðy0Þj þ wðxÞjf ðynÞ � f ðy0Þj þ S

pC Ef ðxÞ þ
wðxÞ
wðy0Þ

Ef ðy0Þ þ S
� �

: ð66Þ

Now we prove that

SpC
wðxÞ
wðy0Þ

Ef ðmnÞ þ
wðxÞ
wðmnÞ

Ef ð1Þ
� �

;

with mn ¼ Cn�d; 0odo1: Indeed

S ¼ wðxÞ
X

jyk j4mn

þ
X

jyk jpmn

8<
:

9=
;jx � ykj�sjf ðykÞ � f ðy0ÞjPn

i¼0jx � yij�s :¼ S1 þ S2: ð67Þ

Now

S2pwðxÞjf ðy0Þj þ wðxÞ
X

jyk jpmn

jx � ykj�sjf ðykÞjPn
i¼0jx � yij�s

p
wðxÞ
wðy0Þ

Ef ðy0Þ þ
wðxÞ
wðy0Þ

Ef ðmnÞ:

On the other hand

S1p
wðxÞ
wðy0Þ

Ef ðy0Þ þ
wðxÞ
wðmnÞ

Ef ð1Þ:

Hence by (66) and (67) if jxjox0

wðxÞjf ðxÞ � Snðf ; xÞjpCfEf ðxÞ þ
wðxÞ
wðy0Þ

Ef ðmnÞ þ
wðxÞ
wðmnÞ

Ef ð1Þg:

Case 2: x4y0 and yk40:
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Let yj denote the closest knot to x: Since jx � yjjpC
jðxÞ

n
(see e.g. [8]), then

wðxÞjf ðxÞ � f ðyjÞj ¼
wðxÞ

wðxþyj

2
Þ

w
x þ yj

2

� �
jf ðxÞ � f ðyjÞjpCw

x þ yj

2

� �
jf ðxÞ � f ðyjÞj

pCOðf ; jx � yjjÞwpCO f ;
jðxÞ

n

� �
w

:

Similarly

wðxÞjf ðxÞ � f ðyj�1ÞjpCO f ;
jðxÞ

n

� �
w

:

Moreover working as usually (see e.g. [8])

wðxÞ
X

kaj;j�1
yk40

jx � ykj�sjf ðxÞ � f ðykÞjPn
i¼0jx � yij�s pCO f ;

jðxÞ
n

� �
w

:

Case 3:
jyk þ xj

2
oy0; x4y0; yko0:

Then

wðxÞjf ðxÞ � f ðykÞjpEf ðxÞ þ
wðxÞ
wðykÞ

Ef ðykÞpEf ðxÞ þ
wðxÞ
wðy0Þ

Ef ð2y0 þ xÞ: ð68Þ

Moreover

X
jxþyk j

2 oy0

jx � ykj�sPn
i¼0jx � yij�sp

X
�2y0�xoyko0

jx � ykj�sPn
i¼0jx � yij�spjx � yjjs

X
�2y0�xoyko0

jx � ykj�s

pC
jðxÞs

ns

X
yko0

jx � ykj�spC
jsðxÞ

ns

n

xs

p
C

ns�1xs=b
:

Hence

wðxÞ
wðy0Þ

X
jxþyk j

2
oy0

jx � ykj�sPn
i¼0jx � yij�sp

C

ns�1�ax
s
b�a

p
C

ns�1�a n
s
b�ap

C

n
sð1�1

bÞ�1
; ð69Þ

if s4ab and s41þ 1
b�1

: Therefore by (68) and (69)

wðxÞ
X

jxþyk j=2oy0

jf ðxÞ � f ðykÞjjx � ykj�sPn
k¼0jx � ykj�s pC Ef ðxÞ þ

Ef ð2y0 þ xÞ

n
sð1�1

bÞ�1

( )
:

Case 4:
jx þ ykj

2
4y0 and yko0; x4y0:
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Then working as above

wðxÞ
wðy0Þ

X
yko�2y0�x

wðxþyk

2
Þjf ðxÞ � f ðykÞjjx � ykj�sPn

i¼0jx � yij�s

pC
wðxÞ
wðy0Þ

O f ;
jðxÞ

n

� �
w

n

jðxÞ
jsðxÞ

ns

X
yko�2y0�x

jx � ykj�sþ1

pCO f ;
jðxÞ

n

� �
w

xa na

ns�1
js�1ðxÞ

X
yko�2y0�x

jx � ykj�sþ1

pCO f ;
jðxÞ

n

� �
w

xax
ðs�1Þð1�1

bÞ

ns�1�a

n

xs�1
pCO f ;

jðxÞ
n

� �
w

xa�ðs�1Þ=b

ns�2�a

pCO f ;
jðxÞ

n

� �
w

n�sþ2þan�aþðs�1Þ=bpCO f ;
jðxÞ

n

� �
w

n�sð1�1=bÞþ2�1=b

pCO f ;
jðxÞ

n

� �
w

if s4abþ 1 and sX1þ b
b�1

: Finally from Cases 1–4 the assertion follows.
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